Recently proposed non-adiabatic ring polymer molecular dynamics (NRPMD) approach has shown to provide accurate quantum dynamics by incorporating explicit electronic state descriptions and nuclear quantizations. Here, we present a rigorous derivation of the NRPMD Hamiltonian and investigate its performance on simulating excited state non-adiabatic dynamics. Our derivation is based on the Meyer-Miller-Stock-Thoss (MMST) mapping representation for electronic states and the ring-polymer path-integral description for nuclei, resulting in the same Hamiltonian proposed in the original NRPMD approach. In addition, we investigate the accuracy of using NRPMD to simulate photoinduced non-adiabatic dynamics in simple model systems. These model calculations suggest that NRPMD can alleviate the zero-point energy leakage problem that is commonly encountered in the classical Wigner dynamics, and provide accurate excited states non-adiabatic dynamics. This work provides a solid theoretical foundation of the promising NRPMD Hamiltonian and demonstrates the possibility of using state-dependent RPMD approach to accurately simulate electronic nonadiabatic dynamics while explicitly quantize nuclei.
I. INTRODUCTION
Accurately and efficiently simulating electronic nonadiabatic transitions and nuclear quantum effects remain one of the central challenges in theoretical chemistry.
1,2
Directly performing exact quantum dynamics simulations in large systems are computationally demanding, despite exciting recent progress. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] It is thus ideal to develop trajectory-based approximate methods that can accurately describe the electronic and nuclear quantum effects. To this end, a large number of these approaches are developed, including the popular trajectory surface-hopping method (mixed quantumclassical approach), [21] [22] [23] [24] the semi-classical path-integral approaches, [25] [26] [27] [28] [29] [30] [31] [32] the mixed quantum-classical Liouville equation, [33] [34] [35] [36] [37] the symmetrical quasi-classical (SQC) approach, [38] [39] [40] [41] [42] and the generalized quantum master equation (GQME). [43] [44] [45] [46] [47] Despite that they are promising to accurately describe electronic non-adiabatic dynamics, these approaches generally do not preserve quantum Boltzmann distribution (QBD) 48, 49 or zero point energy (ZPE) associated with the nuclear degrees of freedom (DOF), and often suffer from numerical issues such as ZPE leakage, 50,51 although significant improvements are accomplished through the SQC 38 and GQME approaches.
45-47
Imaginary-time path-integral approaches, [52] [53] [54] such as the centroid molecular dynamics (CMD) 55, 56 and the ring-polymer molecular dynamics (RPMD), 57, 58 resemble classical MD in an extended phase space and provide a convenient way to compute approximate quantum time-correlation functions. 57 The classical evolution of RPMD preserves its initial quantum distribution captured by the ring-polymer Hamiltonian, and it is free of a) Electronic mail: pengfei.huo@rochester.edu the zero-point energy leaking problem. 50, 57 Despite its success on describing quantum effects in the condensed phase, RPMD is limited to one-electron non-adiabatic dynamics [59] [60] [61] [62] [63] or nuclear quantization, 57, [64] [65] [66] [67] as well as the lack of real-time electronic coherence effects.
59,60
Recently emerged state-dependent RPMD approaches, such as non-adiabatic RPMD (NRPMD), [68] [69] [70] mapping variable RPMD (MV-RPMD), [71] [72] [73] Kineticallyconstrained RPMD (KC-RPMD), 62, 74, 75 coherent state RPMD (CS-RPMD), 76 and ring-polymer surface hopping (RPSH) [77] [78] [79] [80] are promising to provide accurate nonadiabatic dynamics with an explicit description of electronic states, in addition to the reliable treatment of nuclear quantum effects through ring polymer quantization.
Among these state-dependent RPMD approaches, NRPMD 68, 70 and CS-RPMD 76 have shown to accurately describe both the electronic dynamics and nuclear quantum effects. The NRPMD 68, 70 and CS-RPMD 76 Hamiltonian can be viewed as the generalization of the MeyerMiller-Stock-Thoss (MMST) mapping Hamiltonian [81] [82] [83] with the ring-polymer description of the nuclei. Both Hamiltonians have many desired properties, such as a clear adiabatic limit (that returns to the original RPMD Hamiltonian) and one bead limit (that returns to the original MMST Hamiltonian), and recovering the correct electronic Rabi oscillations when the electronic states and nuclei are decoupled. 68, 70, 76 Nevertheless, the promising NRPMD Hamiltonian is proposed through a physically motivated but ad hoc fashion.
68
In this paper, we provide a rigorous derivation of the NRPMD Hamiltonian, which is based on the MMST mapping formalism [81] [82] [83] for the electronic DOF and the ring polymer path-integral representation [52] [53] [54] 84 for the nuclear DOF, leading to the same Hamiltonian that has been previously proposed in the NRPMD approach.
68,70
The NRPMD Hamiltonian and the previously derived CS-RPMD Hamiltonian 76 can be viewed as a unified classical theory for electronic states (through the MMST mapping formalism) and nuclei (through the ring polymer quantization).
In addition, we perform numerical simulations to investigate the accuracy of NRPMD Hamiltonian for excited states non-adiabatic dynamics. Despite that RPMDbased approaches are initially developed for investigating quantum dynamics under thermal-equilibrium conditions, 57 recent work 85 based on the Matsubara dynamics framework 86, 87 (which does not subject to the restriction of equilibrium conditions 85 ) has demonstrated that RPMD yields reliable non-equilibrium time-correlation function.
Further, RPMD based approaches 59, 72 have already been used to simulate nonadiabatic dynamics under non-equilibrium initial conditions. These studies inspire us to investigate the performance of NRPMD for simulating excited states nonadiabatic dynamics.
Our numerical results with model calculations suggest that NRPMD can provide an accurate short-time nonadiabatic branching dynamics among many coupled electronic states, as well as the longer time dynamics such as the plateau value or recurrence of the oscillations of the electronic population. Quantizing nuclei through ring polymer instead of using the Wigner distribution alleviates zero-point energy leakage problems that classical Wigner dynamics encountered, leading to more accurate electronic quantum dynamics. These encouraging numerical results, together with our rigorous derivation of the NRPMD Hamiltonian open up new possibilities to accurately simulate non-adiabatic quantum dynamics while explicitly quantize nuclei.
II. THEORY
In this section, we provide a rigorous derivation of the NRPMD Hamiltonian 68,70 through the imaginary-time formalism. Based upon that, we propose a numerical procedure to compute the electronic population for excited state non-adiabatic dynamics. We start by expressing the total Hamiltonian operator aŝ
where {|n } is the diabatic basis,T is the nuclear kinetic energy operator,R ≡ {R 1 , ...,R F } is the nuclear position operator associated with F different nuclear DOF, with the corresponding conjugate momentum operatorP ≡ {P 1 , ...,P F } and the nuclear mass M ≡ {M 1 , M 2 , ..., M F }. In addition, V 0 (R) is the state-independent potential operator, whereasĤ e = nm V nm (R)|n m| is the state-dependent potential operator (electronic part of the Hamiltonian) with K total diabatic electronic states.
The canonical partition function of the system is defined as Z = e −β N (T +V0) e −β NĤe . Inserting N copies of the resolution of identity I R = dR α |R α R α | and I P = dP α |P α P α |, and explicitly performing the trace over the nuclear DOF based on the standard pathintegral technique, [52] [53] [54] 84 we have 
where In this work, we adapt the MMST mapping representation [81] [82] [83] to transform discrete electronic states into continuous variables. Based on this representation, K diabatic electronic states are mapped onto K harmonic oscillators' ground and first excited states through the following relation
Here, |0 1 ...1 n ...0 K is the singly excited oscillator (SEO) state with (K − 1) oscillators in their ground states and the n th oscillator in its first excited state. Thus, the MMST formalism provides 82,83 the following mapping relation
as the creation and annihilation operators of the harmonic oscillator.
With the MMST representation, we express the statedependent potential operatorĤ e (R α ) in Eqn. 2 as followŝ 
In the above equation, the Wigner-Weyl transform [95] [96] [97] of the α th bead's mapping DOF is defined as
variables for K electronic states associated with the α th imaginary-time slice. Further, we have inserted an electronic projection operator P = n |n n| to restrain the mapping variables within the SEO subspace. 71, 93 Recall that the Wigner transform has the following property 
To derive the last two lines of the above equation, we use the fact that under the limit β N → 0, Boltzmann (11)
To obtain an explicit expression, we useâ † n
, and evaluate these Wigner integrals. This derivation is provided in Appendix A, giving the Wigner transformed MMST mapping Hamiltonian of the α th bead as follows 
Analytically evaluate the last term of the above expression 71 (with details provided in Appendix A), and plugging the result into Eqn. 2, we arrive at the final expression of the partition function
where Γ has the following expression
The derived NRPMD Hamiltonian in Eqn. 14, which is one of the central results in this paper, has the following expression
The above Hamiltonian has been proposed in the original NRPMD approach, 68, 70 and the electronic part of this Hamiltonian (i.e., the second line of Eqn. 16) has also been rigorously derived through a mapping Liouvillian in the state-dependent generalized Kubo-transformed timecorrelation function formalism. 69 Here, we provide a rigorous derivation of the full Hamiltonian.
In the NRPMD approach, 68, 70 classical trajectories are propagated according to the Hamilton's equation of motion associated with H N in Eqn. 16 . The motion of the nuclei is governed byṖ α = −∇ Rα H N as followṡ
whereas the bead-specific mapping variables are propagated based on the following Hamilton's equation of motion
The above NRPMD equations of motion 68, 70 has been used to compute approximate Kubo-transformed timecorrelation functions under thermal conditions, such as the position auto-correlation function, 68 population auto-correlation function, 68 and absorption spectra 70 based on the Fourier transformed dipole auto-correlation function.
B. Excited States Non-adiabatic Dynamics with NRPMD
With the derived NRPMD Hamiltonian, we propose to investigate the excited states non-adiabatic dynamics. The central quantity that we aim to compute is the following reduced density matrix
where, ρ jj (t) is the time-dependent population of state |j ,P j = |j j| is the projection operator associated with state |j , Tr n represents the trace over the nuclear DOF, and the initial density operator for the entire system iŝ ρ 0 = |i i| ⊗ρ n , which is a direct product of the initial electronic state |i and the initial nuclear density operator ρ n . Despite that the RPMD-based approaches are originally developed for investigating quantum dynamics under thermal-equilibrium conditions, 57 recent work 85 has shown that RPMD yields the exact non-equilibrium timecorrelation function under high temperatures, shorttime, and harmonic potential limits through rigorous derivations with the Matsubara dynamics framework 86, 87 which does not subject to any restriction to equilibrium conditions. 85 In that work, RPMD is used to investigate the non-equilibrium (photoinduced) adiabatic dynamics on a single electronic state, and has shown to accurately describe quantum dynamics compared to the numerically exact results. 85 Further, the original RPMD method,
59
the MV-RPMD approach 72 and the state-dependent centroid molecular dynamics approach 98 have already been used to simulate non-adiabatic dynamics under nonequilibrium initial conditions. These early studies inspire us to investigate the numerical performance of NRPMD for simulating photoinduced non-equilibrium dynamics.
To compute the time-dependent reduced density matrix ρ jj (t) in Eqn. 19 we propose the following NRPMD population expression
In addition, P 0 ({q α (0), p α (0)}) represents the distribution of the initial electronic mapping variables, ρ rp ({R α (0), P α (0)}) is the ring-polymer density for the initial nuclear density operatorρ n , andP j (t) is the time-dependent population estimator. The above proposed expression is akin to the excited states population used in the MV-RPMD approach.
72
The electronic population estimatorP has many possible choices. [68] [69] [70] 72 Here, we use the following estimator
which was originally proposed in the NRPMD approach 68 and recently derived in various state-dependent RPMD methods, 69, 70 and it is similar to the original MMST population expression.
81,82
The initial mapping density P 0 (q α (0), p α (0)) is required to describe the initial electronic population ρ jj (0) = δ ij , which corresponds to the initial electronic state |i . Here, we adapt the focused initial condition used in the MV-RPMD approach 72, 90 and linearized path-integral methods 29, 99, 100 to represent a constrained mapping density
The above expression requires the mapping variables to satisfy the following relation
This can be viewed as the "Bohr-Sommerfeld" quantization relation 101 that has been used to initialize mapping variables. 26 are possible and subject to future investigations.
To compute non-adiabatic dynamics, real-time trajectories are propagated based on Eqn. 17-18, with the mapping and nuclear initial distributions sampled from P 0 ({q α (0), p α (0)}) and ρ rp ({R α (0), P α (0)}), respectively. The time-dependent population is computed from the ensemble average described in Eqn. 20.
C. Computational Details
Model Systems. In this paper, we adapt two widely used model systems to investigate the performance of NRPMD for simulating excited state non-adiabatic dynamics. Model I is a widely used three-state Morse potential for photo-dissociation dynamics. 105 The Hamiltonian operatorĤ =P 2 /2M +V of Model I has the following potential
Here, V ii and V ij are diabatic potentials and couplings, respectively. Parameters of Model I are provided in Table I. These potentials and couplings are visualized in Fig. 1(a) -(c). The nuclear mass is M = 20, 000 a.u. Model II is a one dimensional spin-boson system 68,71,106 with the following Hamiltonian
In the above expression,σ z andσ x are Pauli spin matrices in the electronic subspace {|1 , |2 }, ∆ = 1 a.u., R andP are the position and momentum operators of a harmonic boson mode with frequency ω = 1 a.u., and the nuclear mass is M =1 a.u. The two-level system and the boson mode interact with each other through a bi-linear coupling potential with a constant coupling strength γ. Initial Conditions. For all results presented in this work, the initial photo-excitation is modeled by the following density operator
where |1 is the first diabatic state in both models, and the initial nuclear density operator iŝ
The above initial nuclear density is chosen as the canonical thermal density associated with the ground state HamiltonianĤ
where M is the nuclear mass, and R 0 is the position of the Franck-Condon vertical excitation. Here, we assume that the ground state and the excited states are electronically decoupled; there is no communication between them except during the initial Franck-Condon excitation. For Model I, the initial excitation is indicated with black arrows in Fig. 1a -c, with R 0 =2.1, 3.3, 2.9 for Model IA, IB, and IC, respectively. The frequency of the ground state is chosen 72 as ω 0 = 0.005 a.u., and β is the inverse temperature that corresponds to 300 K. For Model II, R 0 = 0, the frequency of the ground state is ω 0 = 1 a.u., and the inverse temperature is β = 16 a.u., such that the initial nuclear quantum distribution is significantly different compared to the classical one, and the dynamics cannot be treated accurately through the classical Wigner model (that samples the initial Wigner distribution and propagate the trajectories classically).
Simulation Details. For all NRPMD results presented in this paper, a total of 10 4 trajectories are used to generate the converged population dynamics. The initial thermal nuclear densityρ n is sampled by the normal-mode path-integral Monte-Carlo (PIMC) 107 in the ground stateĤ g (Eqn. 28), which generates the ringpolymer initial density
In the above equation, β N = β/N with N as the number of beads (imaginary-time slices), and the ring-polymer Hamiltonian associated with the ground stateĤ g is expressed as follows
(30) In this study, we follow the recent works of statedependent RPMD that treat N as a convergence parameter. 70, 72 For the sampling of the nuclear initial condition (Eqn. 29), a large enough N is used to ensure a converged ρ rp (R α
The real-time NRPMD dynamics governed by H N (Eqn. 16) requires a fictitious temperature β as the parameter of the dynamics. 72, 78, 110 For Model I, we follow the previous MV-RPMD work 72 on choosing β −1 , which is the energy gap between the zero-point energy (ZPE) of the ground state plus the potential energy gap between the lowest excited state and the initially occupied excited state at R 0 . This provides the fictitious temperatures of 15288 K, 9605 K, and 8843 K for Model IA, IB, and IC, respectively.
72 For Model II, we directly use β = 16 (associated with the initial distribution) during the NRPMD simulation.
Numerically exact results for Model I are obtained from the discrete variable representation (DVR) calculations, 111 with a grid spacing of 0.009 a.u. in the range of R ∈ [0.5, 20] a.u. to ensure convergence. For Model II, exact results are directly obtained by computing the reduced density matrix ρ jj (t) = Tr n [ρ 0 e iĤt/ |j j|e −iĤt/ ] evaluated with the basis |i ⊗ |n , where |i is the diabatic basis in Model II and |n is the eigenstate of the harmonic oscillator centered at R = 0. NRPMD provides a reasonable agreement with the exact results for both the short-time relaxation and nonadiabatic branching dynamics, as well as the longer time asymptotic populations. We emphasize that Model I is a challenging test case for many approximate non-adiabatic dynamics approaches 39,72,105,112 due to its highly anharmonic potential and non-linear diabatic couplings. Nevertheless, NRPMD provides accurate predictions for the key features of these non-adiabatic events associated with multiple curve crossings. Fig. 2 presents the state-dependent population dynamics of Model IA computed from various recently developed dynamics method, including (a) NRPMD (same as the result presented in Fig. 1d ), (b) partial linearized density matrix (PLDM) path-integral approach, 31, 112 (c) MV-RPMD approach, 71, 72 and (d) symmetrical quasiclassical (SQC) approach. 39, 101, 103 In panel (b), PLDM generates accurate short-time non-adiabatic branching dynamics, but starts to deviate from the exact result at a longer time, potentially due to the less accurate partial linearization approximation at a longer time.
III. RESULTS AND DISCUSSIONS
31,112 This is confirmed by using an iterative version of PLDM, 32, 113 which only requires linearization approximation for a short time propagator, and then concatenate these shorttime PLDM propagators together by important sampling technique.
32,100,113 The iterative-PLDM provides accurate dynamics for Model I, although a large number of trajectories are required to converge the results. 39 The results from these approxiamte trajectory-based approaches are represented by circles, whereas the numerically exact results are depicted with solid lines.
ther, the PLDM Hamiltonian can be viewed as a particular limit of the NRPMD Hamiltonian (or the CS-RPMD Hamiltonian 76 ) with one nuclear bead, and two mapping beads for describing the forward and backward propagations.
31 NRPMD which uses multiple beads for all DOFs seems to provide more accurate short-time branching dynamics as well as long-time populations.
In Fig. 2c , MV-RPMD approach 72 provides less accurate non-adiabatic branching dynamics, probably due to the presence of the inter-bead coupling of the mapping variables which contaminates the electronic dynamics. 68, 71 Further, its inability to correctly capture electronic coherence 2 could also mitigate its accuracy of describing the quantum branching dynamics. The NRPMD Hamiltonian, on the other hand, does not contain any inter-bead coupling for mapping variables, thus can reliably capture electronic coherence dynamics 68, 70 and provide accurate non-adiabatic population transfer as shown in (a).
In Fig. 2d , the recently developed SQC 38,39,103 approach provides less accurate results for this model, compared to the other three approaches. Despite that SQC provides accurate non-adiabatic dynamics for many model systems, 38 the population dynamics for Model IA starts to deviate from the exact results even at a very short time. That is also the case for Model IB and IC. 39 Further, the closely related LSC-IVR approach generates very similar results compared to SQC, except some negative populations. 72, 105, 112 These results suggest that the Ehrenfest type of the nuclear force, together with the nuclear Wigner distribution (assumed by both SQC and LSC-IVR) might be the cause for this less accurate dynamics. A recently proposed coherence-controlled SQC (cc-SQC) approach 39 has significantly improved the accuracy by using different nuclear forces based on the timedependent action variables.
39
Fig . 3 presents the population difference σ z (t) between state |1 and |2 in Model II with three different electron-phonon coupling strength γ/∆. Here, we compare the dynamics obtained from NRPMD (red) with multi-trajectory Ehrenfest dynamics (MTEF) (green), PLDM (blue), and numerically exact simulations (black). Panel (a) presents the results in a weak electron-phonon coupling regime with γ/∆=0.1. The temperature β = 16 is low enough such that the initial quantum distribution is significantly different compared to the classical distribution. Thus, quantum mechanical treatment of the nuclear DOF is required for trajectory-based approaches, through either a Wigner initial distribution (for MTEF and PLDM) or the ring polymer quantization (for NRPMD). One can see that all three approximate methods behave accurately compared to the numerically exact results and reproduce correct oscillations and damping patterns up to t =15 a.u. After that, both the PLDM and MTEF approach fail 106 to accurately describe the longer time recurrence of oscillation in σ z (t) . This less accurate longer time dynamics might be caused by the zero point energy (ZPE) leakage problem, 50, 114 which is typical for linearized path-integral approaches based on the classical Wigner dynamics. 26, 28, 115 This ZPE leakage originates from the fact that classical dynamics does not preserve the ZPE incorporated in the initial Wigner distribution, 50, 114 causing an incorrect energy flow from the nuclear DOF to the electronic DOF, 51 equalizing the longer time populations and giving σ z (t) =0. Compared to the classical Wigner dynamics of the nuclear DOF, 26, 28, 115 quantizing the nuclear DOF with ring polymer can effectively incorporate nuclear ZPE and describe tunneling effects [77] [78] [79] [80] and alleviate ZPE leaking problem, thus reliably provide the longer time recurrence of the oscillating population. Fig. 3b -c presents the population dynamics for stronger electron-phonon couplings. We can see that NRPMD method reproduces the exact result fairly well up to t=5 a.u., especially for the model calculation presented in panel (c). At a longer time, however, NRPMD becomes less accurate compared to the exact results, missing the recurrence of the oscillations. These deviations at a longer time in panel (b)-(c) might be due to the intrinsic quantum coherence of nuclear dynamics, which is missed by NRPMD but can be well captured by methods that employ coupled trajectories.
106 Nevertheless, as an independent trajectory-based approach, NRPMD still outperforms both MTEF and PLDM for all model calculations presented here.
We emphasize that the success of any RPMD-based approach relies on the separation of the time-scale between the high-frequency vibrations of the ring polymer and the dynamics of physical interest. 57 The highfrequency ring polymer oscillations could contaminate the real-time dynamics of the nuclei, which in turn in- fluence the electronic quantum dynamics. This issue could potentially impact the accuracy of our population dynamics, for example, slightly shifting the electronic Rabi oscillation of σ z (t) in Fig. 3 . To address this issue, we incorporate the recently developed thermostatting technique 88, 116, 117 to NRPMD, with details provided in Appendix B. Thermostatting has been shown to successfully remove these contaminations from spurious high-frequency oscillations, 117 and the model calculations provided in Appendix B indeed confirms that correct electronic Rabi frequency is recovered when applying a Langevin thermostat on the nuclear ring polymer normal modes. Thus, thermostating offers a valuable and practical approach to remove potential contaminations from the high-frequency ring polymer vibrations, enables the promising NRPMD approach to provide more accurate excited states non-adiabatic dynamics.
IV. CONCLUSION
In this paper, we present a rigorous derivation of the NRPMD Hamiltonian which was originally proposed in the NRPMD approach. 68 Our derivation uses the MMST mapping representation for the electronic DOF, and the ring polymer path-integral quantization for the nuclear DOF. The NRPMD Hamiltonian, together with the previously derived CS-RPMD Hamiltonian, 76 can be viewed as a unified theory for classical electronic states (through the MMST mapping description) and classical nuclei (through the ring polymer quantization).
We further propose to compute excited state nonadiabatic quantum dynamics 72, 85 with NRPMD Hamiltonian. Numerical results with the coupled Morse potential and one-dimensional spin-boson model suggest that NRPMD can provide accurate short-time branching dynamics and a reliable longer time dynamics. The NRPMD Hamiltonian does not contain inter-bead coupling terms associated with the electronic mapping variables; thus it is capable to accurately capture the electronic quantum dynamics. 68, 70 In this particular model calculation, NRPMD outperforms the recently developed MV-RPMD methods 71, 72 which does include these inter-bead coupling terms that might contaminate the electronic dynamics. Compared to the linearized semi-classical methods based on Wigner quantization of nuclei, 26,28,31 quantizing nuclear DOF with ring polymer can effectively incorporate nuclear zero-point energy (ZPE) and alleviates ZPE leakage problem.
This work opens up new possibilities of using statedependent RPMD approaches 68, 70, 76 to accurately simulate electronic non-adiabatic dynamics. These approaches are potentially well-suited theoretical methods to investigate photochemical reactions, especially when nuclear quantum effects play an important role, such as in the photoinduced proton-coupled electron transfer reactions. [118] [119] [120] [121] [122] [123] [124] We note that the original RPMD method is limited to one electron nonadiabatic process, 57,59-63 whereas the vibronic quantization approach (which uses an explicit quantumstate description of proton) can be numerically expensive for a three-dimensional quantum treatment of many protons. 119, 120, [122] [123] [124] [125] [126] State-dependent RPMD approaches, such as NRPMD 68 and CS-RPMD, 76 provide accurate electronic non-adiabatic dynamics and nuclear quantum effects without any limitations on the number of electrons and protons that can be explicitly described.
We note that most of the state-dependent RPMD approaches, including the NRPMD method discussed here, are formulated in the diabatic representation. To perform on-the-fly simulation with adiabatic electronic structure calculations, these approaches are usually reformulated back to the adiabatic representation. This process requires nontrivial theoretical efforts, and the adiabatic equation of motion are computationally inconvenient due to the presence of derivative couplings. These non-trivial tasks, however, can be avoided by using the recently de-veloped quasi-diabatic propagation scheme. 127 The QD scheme uses the adiabatic states associated with a reference geometry as the local diabatic states during a shorttime propagation step, and dynamically update the definition of the diabatic states along the time-dependent nuclear trajectory. This scheme thus allows a seamless interface between diabatic dynamics approaches (such as NRPMD) with adiabatic electronic structure calculations, providing new frameworks to accurately and efficiently perform non-adiabatic on-the-fly simulations.
Future investigations will also focus on analytic derivation of the NRPMD dynamics based on rigorous theoretical frameworks, 86, 87, 128, 129 such as the Matsubara dynamics 86, 87 and the exact mapping Liouvillian.
69
These formal theoretical derivations will help to assess the validity and the accuracy of the state-dependent RPMD approaches for simulating excited states nonadiabatic dynamics. 
Between the first and the second equality, we have used the fact q −
Between the second and the third equality, we use integration by parts for d∆ α . Analytically perform the rest integrals, we arrived at the final expression of [Ĥ e (R α )] wα in Eqn. 12. A similar derivation has been provided in the previous work by Kapral and co-workers 130 we can use the property in Eqn. 9 again and repeat the same procedure outlined in Eqn. 10 to factorize the total Wigner function as a product of two Wigner functions inside the dq 2 dp 2 integral, arriving at the last line of Eqn. 32. 
A similar procedure of the above derivation has been recently used to derive the population estimator in the MV-RPMD approach.
72
Third, we derive the expression of Γ (Eqn. 15). We start from the last line of Eqn. 13 and define
where P = n |n n| is the projection operator in the SEO basis. Recall that the SEO mapping wavefunction is the product of (K −1) ground state harmonic oscillator wavefunctions and one excited state harmonic oscillator wavefunction
With the above relation, we can rewrite Eqn. 33 as
Rearranging the prefactors of the above equation and grouping terms associated with ∆ α , we have
Analytically performing the integration over ∆ α (a Gaussian integral), we obtain the final expression in Eqn. 15 . Similar derivations can also be found in the previous work of MV-RPMD 71 as well as in the recently derived exact mapping variable Liouvillian.
69

VII. APPENDIX B: THERMOSTTATED NRPMD (T-NRPMD)
In this appendix, we investigate the effect of thermostatting nuclear ring polymer on the NRPMD nonadiabatic dynamics. It is known that ring polymer quantization often introduces spurious frequencies in RPMD dynamics due to the presence of the high-frequency normal mode vibrations, 57 and causes the "spurious resonance problem" for computing spectra 88, 116, 117 and introducing incorrect frequency in time-correlation functions for nonlinear operators. 117 Thus, the success of any RPMD-type approach relies on the separation of the time-scale between the high-frequency normal mode vibrations of the ring polymer and the dynamics of physical interest. 57 Various thermostatted RPMD (TRPMD) approaches 88, 116 are proposed to achieve this.
88,116
Based on the Matsubara dynamics framework, it is recently shown that this frequency contamination arises due to discarding the imaginary term of the Matsubara Liouvillian 86,87 when deriving the RPMD approach. This formal analysis 117 shows that TRPMD can be justified by replacing the imaginary Matsubara Liouvillian with a friction term, such as the Fokker-Planck operator, [131] [132] [133] instead of just discarding the imaginary part of the Matsubara Liouvillian as done in RPMD. Here, we apply a Langevin thermostat that couples to the nuclear normal mode in NRPMD. We briefly introduce the normal mode representation of the ring polymer, before we provide the equation of motion for thermostatting.
The free ring-polymer Hamiltonian (see Eqn. 3 and below) is defined as follows
Often, the dynamical propagation of RPMD (and PIMD) can be simplified by transforming H rp from the above bead representation (or so-called the primitive nuclear coordinate) to the normal mode representation, which is the eigenstate of the Hessian matrix of H rp . Diagonalizing the Hessian matrix of H rp provides the eigenvalue, i.e., the following normal mode frequency
where µ ∈ [0, N − 1] represents the index of the normal mode. The same diagonalization process also gives the eigenvector T αµ of the Hessian matrix, which provides the relation between the primitive coordinate {R α } and the normal mode coordinate { R µ }, as well as the corresponding relation for momenta under two representations. These relations are expressed as follows
The above transformation matrix elements have the following values
Under the normal mode representation, the free ring polymer Hamiltonian H rp in Eqn. 37 becomes
where the normal mode frequency ω µ is described in Eqn. 38. Note that the inter-bead coupling terms of the ring polymer become a set of simple quadratic terms with the normal mode frequencies. The nuclear equation of motion of NRPMD described in Eqn. 17 under the normal mode representation is expressed as followṡ
where simple chain rule is used to establish the last equality, −∇ Rα H N ({R α }) =Ṗ α is the nuclear force in Eqn. 17, and T αµ = ∂R α /∂ R µ is the Jacobian matrix element of the transformation between the primitive nuclear variables {R α } and the normal mode coordinates { R µ } described in Eqn. 40 . Note that T αµ is same for all F nuclear DOF.
The normal mode NRPMD nuclear force −∇ Rµ H N ({R α }) in Eqn. 43 contains three types of terms: (i) the force contribution from the free ring polymer, −Mω 2 µ R µ , (ii) the state independent force, − α ∇ Rα V 0 (R α )T αµ , and (iii) the state dependent force, −
Following the previous work of TRPMD, 88,117 the nuclear ring polymer normal mode { R µ } in H N is coupled to an Langevin thermostat, giving a method that we referred as the Thermostatted NRPMD (T-NRPMD). In T-NRPMD, the mapping equations of motion remain the same as described in Eqn 18, whereas the nuclear equation of motion in Eqn. 43 is replaced 88, 117 by the following onė
. (44) The first term is the force from the NRPMD Hamiltonian (Eqn. 43), the second term is the friction force acting on P µ with η µ as the bead-specific normal mode friction matrix, and the last term is the random force, with ξ µ (t) representing an uncorrelated, Gaussian-distributed random force 88 with unit variance ξ µ (0)ξ µ (t) = δ(t), and zero mean ξ µ (t) = 0. Based on the recent analysis of TRPMD from the Matsubara dynamics framework, 117 we choose the same friction constant for all F nuclear DOF associated with the µ th normal mode, with the µ-specific friction term, η µ = 2λ| ω µ |, where λ is viewed as a parameter. 117 The Langevin equation can be numerically propagated based on the algorithm in previous works, 88, 131 whereas the mapping equation of motion is integrated with a symplectic integrator.
108,109
Fig . 4 presents the results of Model II obtained from T-NRPMD. Here, we investigate the effects of nuclear thermostatting on the excited state non-adiabatic dynamics and explore the impact of various friction constant λ on the population dynamics. The results are obtained by using λ = 0 (red), i.e., the NRPMD approach (same as results shown in Fig. 3) , λ = 1.0 (green), and λ = 5.0 (blue), together with the numerically exact results (black dashed lines). Despite that NRPMD provides more accurate population dynamics compared to classical Wigner based methods as discussed in Fig. 3 , the population tends to oscillate with a slightly shifted frequency compared to the electronic Rabi frequency. This can be clearly seen by comparing the results of NRPMD (red) and the exact ones (black) in panels (b),(d) and (f) which depict the magnified plots corresponding to the square regions in panels (a), (c), and (e). The higher frequency normal modes of the nuclear ring polymer might be the source of these spurious oscillations, 117 which has shown to contaminate the nuclear dynamics.
117
Using λ = 1.0 (green), T-NRPMD recovers the correct oscillation frequencies of the electronic population. This value of λ is chosen based on a friction parameter that is derived from achieving the correct nuclear oscillation frequency in a harmonic potential.
117 By recovering the correct nuclear oscillations of R, the coupled electronic dynamics is also improved. We also observed that by applying a small friction parameter 0.5 λ 1, T-NRPMD already improves the dynamics and recover the correct oscillation period. The population dynamics continues to oscillate with the correct frequency when further increase the friction parameter to the overdamped regime with λ = 5.0 (solid blue line). The correct electronic oscillation is likely stemmed from the correct nuclear oscillations when applying thermostat which has been demonstrated in the previous work.
These investigations demonstrate that T-NRPMD is a valuable tool for providing accurate excited state dynamics and alleviate spurious frequency problem associated with the ring polymer quantization. Future studies include rigorous derivation of T-NRPMD approach through the Matsubara dynamics framework 86, 87 with the mapping Liouvillian 69 to treat electronic states explicitly.
